Abstract-This correspondence considers an optimum nonuniform finite impulse response (FIR) transmultiplexer design problem subject to specifications in the frequency domain. Our objective is to minimize the sum of the ripple energy for all the individual filters, subject to the specifications on amplitude and aliasing distortions, and to the passband and stopband specifications for the individual filters. This optimum nonuniform transmultiplexer design problem can be formulated as a quadratic semi-infinite programming problem. The dual parametrization algorithm is extended to this nonuniform transmultiplexer design problem. If the lengths of the filters are sufficiently long and the set of decimation integers is compatible, then a solution exists. Since the problem is formulated as a convex problem, if a solution exists, then the solution obtained is unique, and the local solution is a global minimum.
be allocated according to the rates that the consumers can afford. All of these circumstances can be solved by applying a nonuniform transmultiplexer. Similarly, the design of nonuniform transmultiplexers can be based on the design of nonuniform filterbanks [2] . However, when the set of decimation integers is incompatible, there will be only one nonzero element in at least one row of the aliasing matrix of the corresponding filterbank system. This structural dependency and the incompatibility cannot be eliminated by using a set of linear time-invariant (LTI) filters and a set of simple samplers [3] . Hence, nonuniform transmultiplexers suffer from amplitude, phase, aliasing, and crosstalk distortions, and perfect reconstruction cannot be achieved [3] .
Some researchers formulate the nonuniform transmultiplexer design problem as an unconstrained optimization problem so that the transmultiplexer is as close as possible to an exact perfect reconstruction system [2] . Although the unconstrained optimization problem can be solved easily, constraints are often necessary to be imposed for real practical situations. For example, as noise is often presented in the transmultiplexer, filters with good frequency selectivity are required and the passband and stopband specifications for the individual filters are commonly imposed. Besides formulating the perfect reconstruction error as a cost function, another common way is to formulate it as constraints. This is because the cost function may not be convex if the perfect reconstruction error is formulated as cost. Moreover, amplitude and aliasing distortions may be particularly serious at certain frequency bands instead of evenly distributed over the whole frequency spectrum. Hence, by formulating the perfect reconstruction distortion as constraints, excessive amplitude and aliasing distortions at certain frequency bands can be avoided.
Since all the specifications are expressed as continuous constraints in the frequency domain, this optimization problem is actually a semi-infinite programming problem. To tackle a semi-infinite programming problem, one way is to approximate it as a finite-dimensional problem through a discretization of the index set of the continuous constraints [6] . Many existing optimization-based design techniques for filters as well as filterbanks deal with discretized constraints because the difference between the exact upper bound of a discretized constraint function and that of the corresponding continuous constraint function vanishes as the number of grid points increases. Moreover, since the discretized version of the problem is a standard convex quadratic programming problem, there exists some reliable optimization solvers for solving such quadratic programming problems, and those existing solvers allow the use of several thousand grid points. Typically, when the number of grid points is in the range of 1000 to 2000, the solution obtained for designing a single filter has practically no difference from the globally optimized solution for the corresponding continuous optimization problem. However, for a filterbank design problem, since we need to design more than one filter, the number of grid points involved is more than that for a single filter design problem. The number of grid points for amplitude and aliasing distortions are also usually more than that for the specifications on the passband and stopband of the filters because the polynomial orders of the polynomials for the amplitude and aliasing distortions are much higher than that for the specifications on the passband and stopband of the filters. As a result, the number of grid points required in the problem is usually on the order of magnitude of 10 000. In this situation, the implementation cost using the discretization method is very high, and the time required to solve the quadratic programming problem is very long. Furthermore, since the exact minimum number of grid points employed and their exact grid positions are not known, the minimum number of grid points usually corresponds to nonuniform grid positions, and there are no analytical results discussed on this issue. Hence, more than the minimum number of grid points is usually employed. As a result, some of the computation effort is wasted, and this method is not efficient in this sense.
In order to avoid the above difficulties, we propose to solve the problem via the dual parameterization approach, which was developed recently in [4] and [5] . This algorithm has proved to be very efficient and effective. In this correspondence, we apply this technique to solve an optimum nonuniform transmultiplexer design problem so that the sum of the ripple energy for all the individual filters are minimized, subject to the specifications on the amplitude and aliasing distortions, as well as to the passband and stopband specifications for the individual filters.
This correspondence is organized as follows. In Section II, we give the notations and definitions that appear throughout this correspondence. In Section III, we formulate the nonuniform transmultiplexer design problem as a quadratic semi-infinite programming problem. In Section IV, a design example is presented. Finally, we summarize and conclude this work in Section V. It can be shown easily that there exist a positive definite matrix Q, a vector b, and a constant p such that
II. NOTATIONS AND DEFINITIONS
Next, we consider the constraints to be imposed. Let the bounds on the passband and stopband ripples of Hi(!) be, respectively, p and s , for i = 0; 1; 11 1;N 01. Then, the constraints on the passband and stopband ripples can be expressed as It can be shown easily that the constraints can be expressed as follows:
for appropriate A f (!) and c f (!).
In order to capture the specifications on the amplitude and aliasing distortions in the design, we swap the transmitter and receiver and obtain a nonuniform filterbank system. If the corresponding nonuniform filterbank system achieves perfect reconstruction with the delay of the whole system equal to an integer multiple of N , then the corresponding transmultiplexer achieves perfect reconstruction. Hence, in this paper, we formulate the perfect reconstruction problem of the nonuniform transmultiplexer as that of the corresponding nonuniform filterbank. For the above situation, the corresponding nonuniform transmultiplexer can achieve perfect reconstruction. Although the perfect reconstruction condition of a general nonuniform transmultiplexer is not the same as that of the corresponding nonuniform filterbank, and actually, we over-constrain the transmultiplexer design problem, this problem formulation can simplify the problem. Let Let the input of the corresponding nonuniform filterbank system be X(!), and define Let the bounds on the amplitude and aliasing distortions be, respectively, a and A. Then, the constraints on the amplitude and aliasing distortions of the corresponding nonuniform filterbank system can be expressed as Since Q i (!) and ce 0j;m;! are complex functions, the constraints taking the absolute value of complex functions are quadratic with respect to x. One common way to tackle this kind of problem is via discretization. If the discretization approach is applied, then the constraints become convex quadratic constraints, which will lead to a quadratic programming problem with convex quadratic constraints. Problems of this type belong to the class of convex programming problems and admit a unique global solution if a solution exists. There are some available public domain convex programming solvers for solving these types of quadratic programming problems. However, as mentioned in the introduction section, the number of grid points is very large, and the computation complexity is also very high; therefore, we approximate the quadratic constraints as linear constraints, as described below. where Ref1g and Imf1g denote, respectively, the real and imaginary parts of the functions inside the brackets; R a and I a denote, respectively, the constraints on the real and imaginary parts of the amplitude distortion of the corresponding nonuniform filterbank system; R A and I A denote, respectively, the constraints on the real and imaginary parts of the aliasing distortion of the corresponding nonuniform filterbank system.
Note that each absolute value constraint is not equivalent to its corresponding real/imaginary value constraints. The reason for this is that the mapping between these two constraints is not invertible. However, the problem is much simplified, and the approximation is valid if a and A are small enough. Consequently, the nonuniform transmultiplexer design problem can be formulated as the following semi-infinite programming problem: If the lengths of the filters are sufficiently long, by applying the dual parameterization technique [4] , a solution will exist. Since the problem is formulated as a convex problem, the solution is unique, and any local solution is a global solution. Once we obtain the set of filter coefficients in the receiver, we use the same method to compute the filters coefficients in the transmitter and iterate the above procedures. Since the feasible set of each iteration is convex, this iteration process is actually a projection on a convex set. Hence, the convergence of the iteration process is guaranteed if a solution exists for each iteration. Eventually, a set of transmitter and receiver filters coefficients that globally minimizes the cost function and satisfies the continuous constraints is obtained.
IV. DESIGN EXAMPLE
Consider a three-channel nonuniform transmultiplexer with the set of decimation integers {2,4,4}. Let the transition bandwidths of the lowpass, bandpass, and highpass filters be, respectively, 0. Based on the above specifications and the parameters chosen, the nonuniform transmultiplexer design problem can be readily formulated as a semi-infinite programming problem discussed in Section III. It can then be solved via the dual parameterization method. For the details of the theory and the algorithm of solving semi-infinite programming problem via the dual parameterization method, see [4] and [5] .
By applying the dual parameterization method, a solution is obtained for a given set of transmitter coefficients. After three iterations between the filters designed for the transmitter and the receiver, the filter coefficients in both the transmitter and receiver converge. The magnitude response of the receiver filters and the transmitter filters are plotted as solid lines in, respectively, Figs. 2 and 3 . The amplitude and aliasing distortions are shown in Fig. 4 . To implement the existing method, we employ 15 674 grid points for the discretization method via the convex quadratic programming solver in MATLAB. The magnitude response of the receiver filters and the transmitter filters are plotted as dotted lines in, respectively, Figs. 2 and 3. The corresponding amplitude and aliasing distortions are shown in Fig. 4 . We compared the results and found that the continuous constraints between some discretization points are not satisfied. Our algorithm overwhelmingly produces better results on suppressing the amplitude and aliasing distortions. According to the computer simulation, our algorithm can obtain about a 250-dB improvement for both the real and imaginary parts of both the amplitude and aliasing distortions. The amplitude distortion and the aliasing distortion are dramatically reduced from the order of 030 , respectively. They are negligible for most engineering applications, and the nonuniform transmultiplexer can be regarded as a perfect reconstruction system.
V. CONCLUSION
The main contribution of this paper is the formulation of a nonuniform FIR transmultiplexer design problem as a semi-infinite programming problem. The method is based on the dual parameterization method. One of the advantages of this method is that it is guaranteed to achieve the global minimum while satisfying the passband and stopband specifications as well as the amplitude and aliasing requirements if the solution exists. It also avoids the problems occurred in the existing semi-definite programming approaches [6] .
